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Abstract
The Ginsparg-Wilson(G-W) relation is extended for supersymmet-
ric free theories on a lattice. Exact lattice supersymmetry(SUSY) can
be defined without any ambiguities in difference operators. The lattice
action constructed by a block-spin transformation is invariant under
the symmetry. U(1)R symmetry on the lattice is also realized as one
of exact symmetries. For an application, the extended G-W relation is
given for a two-dimensional model with chiral-multiplets. It is argued
that the relation may be generalized for interacting cases.
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1. Introduction Recently, there have been much progress in understanding
chiral symmetry on a lattice. Lu¨scher has given a lattice form of a chiral
transformation, which differs from the one in the continuum theory by a
term proportional to lattice spacing[1]. This result may contain an important
step to escape the no-go theorem[2]. The lattice fermion action is invariant
under the lattice chiral symmetry if the Dirac operator satisfies the Ginsparg-
Wilson(G-W) relation[3]. The relation should be recognized as a remnant of
the continuum chiral symmetry and a kind of Ward-Takahashi identity. A
particular solution has been given by Neuberger[4].
In this paper, we aim at the construction of an exact lattice supersym-
metry(SUSY) consistent with the SUSY-extension of the G-W relation. The
first step to get the exact SUSY in the spirit of Lu¨scher is to restate a
continuum SUSY as a na¨ıve lattice SUSY without any ambiguities in differ-
ence operators. To this end, we must introduce a block-spin function which
transforms field variables in the continuous space into dynamical ones on the
lattice. The second step is to define an exact SUSY transformation from the
na¨ıve lattice version, where we use our SUSY-extension of the G-W relation.
Our final step is to determine an arbitrary parameter in the definition of the
exact SUSY transformation. It should be consistent with the lattice algebra.
Furthermore, we find a U(1)R charge on the lattice in the spirit of Lu¨scher.
There appears no arbitrary parameter in the charge. Finally, we find exact
SUSY and U(1)R invariance of lattice theories without doubling problems.
In order to see how our approach works, we construct a supersymmetric
free theory in two dimensions. In addition to fermionic and bosonic G-W
relations used by Kikukawa-Aoyama[5], we can derive the more relations for
the lattice action. Once one of kinetic terms for component fields is found,
we can construct a SUSY-invariant total action.
Our approach can be generalized for interacting cases, owing to the SUSY-
extension of the G-W relation. Unlike previous works on lattice SUSY[5-
7], we need not to introduce the definition of difference operators by hand.
Therefore, the problem of Leibniz rule may be overcome.
2. Derivation of SUSY Ginsparg-Wilson relation The original G-W
relation was derived as an identity for the Gaussian type effective action.
The relation may play an important role in characterizing a lattice analog of
the chiral symmetry which should be realized in the vicinity of the continuum
limit.
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A way out of the no-go theorem is to introduce two chiral matter fields.
A SUSY transformations for two chiral-multiplets Φj = (φj , ψj, Fj)
T j = 1, 2
in the continuum theory are defined as
δǫΦj = Q(ǫ, ǫ¯)Φj , (1)
δǫΦ¯j = Φ¯jQ¯(ǫ, ǫ¯), (2)
where T represents a transpose operation and the space-time is assumed to
be Euclidean. In the rest of the section, we suppress the index j for chiral-
multiplets. Starting with a continuum theory, we define its regularized theory
on a cubic lattice by performing a block-spin transformation. A lattice point
is expressed by an integer vector {nµa}, where a is lattice constant. We take
a = 1 for simplicity. The block-spin transformation from Φ(x) to Φn is given
by
Φn ∼
∫
dxfn(x)Φ(x) ≡ 〈fn,Φ〉, (3)
Φ¯n ∼
∫
dxfn(x)Φ¯(x) ≡ 〈fn, Φ¯〉, (4)
where fn(x) = f(x − n) is a block-spin function with finite support around
xµ = nµ. 〈, 〉 implies the usual inner product in a function space.
Following to Ginsparg and Wilson[3], we may define a Gaussian effective
action Aeff by using a SUSY-invariant massless action Ac in the continuum
theory∗:
exp(−Aeff [Ψn, Ψ¯n])
=
∫
DΦ(x)DΦ¯(x) exp(−
∑
n,m
(Ψ¯n − Φ¯n)αn,m(Ψm − Φm)− Ac[Φ, Φ¯]). (5)
Here αn,m is a matrix acting on the multiplet Ψn,
∗Since we have two chiral multiplets, it is possible to construct a Dirac mass term.
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αn,m = α δn,m


0 0 1
0 V 0
1 0 0

 , (6)
where V is some anti-symmetric matrix determined by a mass-term in a
SUSY-invariant Lagrangian and α is proportional to O(a−1).
We may define na¨ıve lattice SUSY by restating the continuum SUSY as
follows:
δNǫ Φn =
∫
fn(x)δΦ(x)dx
= QL(
−→
▽)Φn,
(7)
δNǫ Φ¯n =
∫
fn(x)δΦ¯(x)dx
= Φ¯nQ¯L(
←−
▽).
(8)
A derivative operator in the continuum SUSY is replaced by a difference
operator in the lattice SUSY using the relation ∂µfn(x) = −
−→
▽µfn(x). Al-
though the explicit form of the difference operator depends on the block-spin
function, it is possible to choose a reasonable function for the realization of
lattice SUSY. As a preparation for the exact lattice SUSY, we would just
look at some properties of the na¨ıve SUSY.
Under this na¨ıve transformation, our effective action changes by
exp(−Aeff [Ψ
′, Ψ¯′])
=
∫
DΦ(x)DΦ¯(x) exp(−(Ψ¯′ − Φ¯)α(Ψ′ − Φ)− Ac[Φ, Φ¯])
=
∫
DΦ(x)DΦ¯(x) exp(−(Ψ¯− Φ¯′)eQ¯LαeQL(Ψ− Φ′)−Ac[Φ
′, Φ¯′]), (9)
where the lattice site and the spinor indices are both omitted. It is assumed
that the Ac is invariant under SUSY transformation in the continuum theory,
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Ac[Φ, Φ¯] = Ac[Φ
′, Φ¯′]. (10)
Although the path-integral measure is na¨ıvely unchanged
DΦ′DΦ¯′ = DΦDΦ¯, (11)
we take account of the contribution of the Jacobian factor which is needed
to consider a possible effect of the anomaly[8].
Let us derive a SUSY extension of the G-W relation for a free theory
described by
Aeff [Ψ, Ψ¯] =
∑
n,m
Ψ¯nS(n,m)Ψm. (12)
Under the na¨ıve SUSY , it transforms as
exp(−Aeff [Ψ, Ψ¯])(1− (Ψ¯(SQL + Q¯LS)Ψ)
= (1 + δJ − str α−1(αQL + Q¯Lα)α
−1S + str α−1(αQL + Q¯Lα)
−Ψ¯Sα−1(αQL + Q¯Lα)α
−1SΨ) exp(−Aeff [Ψ, Ψ¯]), (13)
where δJ comes from a Jacobian factor. So, we can get following two rela-
tions:
δJ = str α−1(αQL(
−→
▽) + Q¯L(
←−
▽)α)α−1S − str α−1(αQL(
−→
▽) + Q¯L(
←−
▽)α),
(14)
and
Ψ¯(SQL(
−→
▽) + Q¯L(
←−
▽)S)Ψ = Ψ¯Sα−1(αQL(
−→
▽) + Q¯L(
←−
▽)α)α−1SΨ. (15)
These are SUSY extended G-W relations. Note that the right hand sides of
these relations vanish if the difference operator(
−→
▽) is anti-symmetric in the
matrix notation.
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For an exact lattice SUSY transformation, the above relations suggest us
to define
q ≡ QL(
−→
▽)−QL(
−→
▽)α−1S (16)
q¯ ≡ Q¯L(
←−
▽)− Sα−1Q¯L(
←−
▽) (17)
under which we can show the invariance of our effective action:
δAeff = Ψ¯(Sq + q¯S)Ψ = 0. (18)
This is a SUSY extension of Lu¨scher’s symmetry[1]. Similar to chiral sym-
metry, SUSY is also modified by O(a) because of α = O(a−1). We must note
that there may exist an arbitrary parameter c in defining lattice SUSY:
qc ≡ q − cQL(
−→
▽s)α
−1S, (19)
q¯c ≡ q¯ − cSα
−1Q¯L(
←−
▽s), (20)
where the symmetric difference operator
−→
▽s ≡
−→
▽ −
−→
▽T
2
. The parameter
should be determined by the closure property of the algebra. Since this
transformation is not unitary, we get the Jacobian factor 1 − δJ under the
transformation Eqs.(19) and (20); δJ is expressed as Eq.(14) and is easily
shown to be independent of the parameter c.
For U(1)R charge QR, we find the G-W relations similar to the SUSY
case:
δJR = str α
−1(αQR + Q¯Rα)α
−1S − str α−1(αQR + Q¯Rα), (21)
and
Ψ¯(SQR + Q¯RS)Ψ = Ψ¯Sα
−1(αQR + Q¯Rα)α
−1SΨ. (22)
The conserved ‘U(1)R’ charge [5],
qR ≡ QR(1−α
−1S), (23)
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can be also found and has no arbitrary parameter unlike the SUSY case.
3. An example: 2-Dimensional chiral-multiplets We consider two chiral-
multiplets Φj , j = 1, 2, consisted of real scalars φj, auxiliary fields Fj and
complex Weyl spinors χj . These are arranged in a complex multiplet Φ =
(φ1 + iφ2, χ1 + iχ2, χ
∗
1 + iχ
∗
2, F1 + iF2)
T ≡ (φ, χ, χ¯, F )T and its conjugate
Φ¯ = (φ1− iφ2, χ1− iχ2, χ
∗
1− iχ
∗
2, F1− iF2)) ≡ (φ
∗, χ¯†, χ†, F ∗). We define N=1
SUSY transformation:


δǫφ = i(ǫ
∗χ + ǫχ¯)
δǫχ = −2ǫ
∗∂zφ+ iǫF
δǫχ¯ = −2ǫ∂z¯φ− iǫ
∗F
δǫF = −2ǫ∂z¯χ + 2ǫ
∗∂zχ¯.
(24)
We consider a SUSY-invariant massless Lagrangian:
L = 2∂z¯φ
∗∂zφ+ i(χ
†∂zχ¯+ χ¯
†∂z¯χ)−
1
2
F ∗F. (25)
Then, we obtain the matrix V in Eq.(6),
V =
(
0 −1
1 0
)
,
from a mass-term in a SUSY-invariant Lagrangian,
Lm = −
m
2
(F ∗φ+ Fφ∗ + χ†χ− χ¯†χ¯). (26)
The na¨ıve lattice SUSY takes of the matrix form:
QL =


0 iǫ∗ iǫ 0
−2ǫ∗
−→
▽z 0 0 iǫ
−2ǫ
−→
▽ z¯ 0 0 −iǫ
∗
0 −2ǫ
−→
▽ z¯ +2ǫ
∗−→▽z 0

 , (27)
and
7
Q¯L =


0 −2ǫ∗
←−
▽z −2ǫ
←−
▽ z¯ 0
−iǫ∗ 0 0 2ǫ
←−
▽z¯
−iǫ 0 0 −2ǫ∗
←−
▽z
0 iǫ −iǫ∗ 0

 . (28)
It follows that
αQL + Q¯Lα = α


0 −2ǫ(TD)z¯ 2ǫ
∗(TD)z 0
2ǫ(TD)z¯ 0 0 0
−2ǫ∗(TD)z 0 0 0
0 0 0 0

 , (29)
where (TD)z denotes a total derivative
−→
▽z +
←−
▽z .
We obtain in our approach not only the original G-W relation but also
the relation among kinetic terms for fermion, boson and auxiliary fields:
|Sχ¯†,χ|
2 + |Sχ†,χ|
2 = −αSχ†,χ, (30)
SF ∗,FSφ∗,φ + |SF ∗,φ|
2 = αSF ∗,φ, (31)
2SF ∗,F (TD)z¯Sχ†,χ = α(−2SF ∗,F
−→
▽z¯ + iSχ¯†,χ), (32)
2Sφ∗,F (TD)zSχ¯†,χ = iα(Sφ∗,φ + 2i
←−
▽zSχ¯†,χ). (33)
Once we find the fermion kinetic term, Sχ¯†,χ, it is easy to express the total
action explicitly from these relations.
4. Conclusions In this letter, we have extended the Ginsparg-Wilson
relation for a supersymmetric case and applied it for free theories†. The
exact lattice SUSY and U(1)R symmetry are found. As an example, SUSY-
extended G-W relations of 2-dimensional two chiral-multiplets are derived.
†Bietenholz also studied SUSY-extended G-W relations by similar approach [9], but
his expression for G-W relations is quite different from ours.
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Similarly, for a Majorana fermion, one can describe a SUSY theory by single
non-chiral matter field escaping from the no-go theorem.
Our block-spin construction uniquely fixes the definition of difference op-
erators owing to our block-spin construction. If one uses the even block-spin
function which leads us to αQL + Q¯Lα = 0, our lattice SUSY algebra is
exactly closed.
For interacting cases, we can also derive the G-W relation. If we use even
block-spin functions, the na¨ıve SUSY is an exact symmetry for the block-spin
effective action and we may overcome the problem of Leibniz rule. Further
investigation to the G-W relation is necessary to show these properties in
concrete terms. Finally, this G-W relation is generally important for under-
standing the continuum limit with the supersymmetry. The detailed analysis
shall be reported in a forthcoming paper[10].
We are grateful to Y. Igarashi for reading our manuscript carefully and
invaluable comments. We also thank K. Itoh and H. Nakano for their en-
couragement.
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